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Mettaton’s x-coordinate can be calculated as
4
—1+f(3t2—4)dt= —1+[t3—4t] =50
1

V = s3. Here, s = 3/, Deriving, Z—Z = 3s? %. Substituting, 2+ 3 = 3'"3 g and% =2-3"3.d =

s@,% =32 and% =2-3""/6. Thus, {4,B,C} = {2,13,6}and A + B + C = 21.

2
Using the Fundamental Theorem of Calculus, %f; (t2 —1) dt = 2x(x* — 1) — (x? — 1).
Evaluating at x = 2, this equals 57.
f'(x) = 3x% — 12x + 11. This has positive discriminant, so the function has two turning points.
The function can therefore be rotated clockwise about its inflection point to where the
minimum slope of the function approaches +co. The minimum slope of f(x) occurs at its
inflection point, which is where 6x — 12 = 0, or x = 2. This slope is f'(2) = —1. A line with
slope 68 makes an angle arccot 8 with the y-axis, so a = 45.

Consider a cross-section of the cone lying on the x-y plane. Set the apex of the cone is at (0,6),
let the origin be the center of the base, and let the point (8,0) be on the cone. Then the cone is
tangent to the linesy = 6 — %x andy =6+ %x.

The pyramid cross-section will be an inverted isosceles triangle with base parallel to the x-axis
and apex at the origin. Let the corner of the base of the pyramid intersect the cone on the lines
y=6— %x andy =6+ %x. Let the distance from the y-axis to the line y = 6 — %x be s. This is
half of a diagonal of the base, so the area of the base is 2s2.

The volume of the pyramid is V = §(252) (6 — %s) = 4s? — %53. Deriving, V' = 8s — zsz.

. ) 16 , - : . L
Obviously, s can’t equal 0, so s = S isa critical point (and a relative minimum by the Second

Derivative Test). This corresponds to a volume of% = 210/33. Thus, {A,B} = {10,3}and A +

B =13.

100
The probability that Radleigh gets every question wrong is (1 — 21—0) . Approximating e®’ =

on 100
(1 + %) for large n, setn = 20 and say (1 - %) ~ -5

According to Newton'’s Law of Cooling, the sequence formed by taking the difference between
the temperature of a warmer object and the ambient temperature at constant time intervals is

n/lO
geometric. From the numbers given, it is seen that the temperature difference is 120 G) .

n
When the metal is 25 degrees, the difference is 5. The solution to 120 (%) /10 = 5 is between

40 and 50, corresponding to the 40-50 minute time interval.

Let the outside edges of the hallways lie on the positive coordinate axes and the outside corner
lie on the origin. Let the length of the ladder be . The ladder intersects the axes at (a, 0) and

(0,b) = (0,VI? — a?). Thus, the ladder is the line %x + \/ﬁy — 1 = 0 in the first quadrant.



2018 Mu Alpha Theta National Convention - Mu Applications Solutions

In order for the ladder to have maximal length, it must pass through the inside corner, (8,8).

8 8 . 8 8
Thus, ct = 1 = 0 and the function D(a) = ct = 1 for a € (0,1) can represent the

amount of free space the ladder has. Note that D(a) = 0 for a € (0,1).

. . l ... 8 8
The local minimum of D(a) isata = & Plugging into cte= 1=0,!=+512. The sum of
the digits of 512 is 8.

9) The integral evaluates to cos k. There are 2018 solutions to cos k = %in [0,2018m].

10)  The slope of the tangent line is 18x% — 6x + 4 at x = 2, or 64. The x-intercept of a line with
slope 64 passing through (2,32) is %
11) [lis false, with the following function as a counterexample.

(x| + 1, x#0

[l is true, by definition.
II1 is true, because x = 0 fails the Vertical Line Test.

12)  Let x be the number of 5-cent price reductions. The amount of money Bradley earns is M =
(1600 + 100x)(100 — 5x) = 500(16 + x)(20 — x) = 500(—x? + 4x + 320). Deriving, M’ =
500(—2x + 4). x = 2 is the local maximum. This corresponds to a price of $0.90.

13)  Suppose Eridan uses x gallons of pink paint. Then he uses 20 — x gallons of purple paint. He
buys P(x) = $((2x2 — x + 1) + (27(20 — x) + 4)) = $(2x% — 28x + 545) worth of paint.
P'(x) = $(4x — 28), so P(x) attains a local minimum at x = 7. This corresponds to buying 13
gallons of purple paint.

14)  Multiply the integrand by \/: to obtain

1—x

1—x2

arcsinx dx =

1—x2

V3
2
1 ] X ]
arcsinx dx — - arcsin x dx.
V3
2

Sz
i

o . . . d
Because the first integral is odd, it can be removed. Then take u = arcsin x and du = \/% and

the integral becomes

T
3

usinu du = —qusinu du.
0

|
wjy~—— w|y

N
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Integrating by parts taking a = u and db = sinu du,

cosu du.

oswm

3
s
—qusinu du = 2[ucosu]3 + 2
0

Evaluating, this is equal to g —/3.{M,N} ={3,3},soM + N = 6.

15)  Thelimagon intersects the polar origin at 8 = 2?11' and 6 = 43—”. The area of the inner loop is

4m am am

1

Ef(2+4c059)2 dg =2 j(1+4c056+4c0520)d9=2f(3+4c059+2c0529)d9
on in in
3 3 3

This evaluates to 4w — 6v/3.{4,B,C} = {4,6,3},s0A+ B + C = 13,

16) Itis given that -w— = k. The bucket has volume 128 and ‘;—It/ when the bucket is full is 16,

dV /d

so the constant of proportionality is 8. # = 8m. is a separable differential equation. To
dt

solve it, write %V = idt. Integrating, InV = é + C.Since V(0) = 8w, C = In 8w and the amount

of water in the bucket can be represented by InV = é + In 8. Substituting in V = 128n
yields that the bucket is full at t = 32mIn 2.

17) Itis given that v(0) = 0 and y(0) = 45.a = —10,v = —10t,and y = —5t? + 45. This has a
root at t = 3, so the ball takes 3 seconds to hit the ground.

18) a=-10,v=—-10t—k,andy = —5t? — kt + 45. y(t) hasarootatt = 2,500 = 25 — 2k,
sok = 22—5 Sameer initially throws the ball down with a speed of 2?5

19)  Translate this to a Riemann sum and then into an integral:

n n i
In(i + 1 1 In{+1
R

T = lim ;
e b e ot1
1 2 In2
In(x + 1) Inu
[y [ g
x+1 u
0 1 0

. In?
This is equal to n2

20) The integrand is a recognizable derivative obtained through the Quotient Rule.

1
en

ifl lnx _ i[x]ein_i 1
In2 x B nxl, nen
0

n=1 1
Note that Y5, x" =1L, 0 [¥Ye oxdx =Y0, > =[—dx=C—In(1—x).C=0canbe

n 1-
found by taking x = 0. Plugging in x = —ylelds that )5, —In (1 - —) =1—-In(e—1).

ne"
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21)  Ifr = 2¢°, then & = 2¢°. [*" ( (% ))de—fz"\/zaez do = 272 [*" e® do. This

evaluates to 2\/_(32” - 1).

22)  Let the two points on the common tangent line to the curve be (a, a* — 2a® — 3a? + 3a +
7) and (b, b* — 2b® — 3b% + 3b + 7). The tangent lines through these points are, respectively,
y = (4a® — 6a® — 6a + 3)x + (—3a* + 4a® + 3a®* + 7) and y = (4b3 — 6b* — 6b + 3)x +
(=3b* + 4b3 + 3b? + 7). Because these are both representations of the exact same line,
—3a* + 4a® + 3a? = —3b* + 4b3 + 3b? and 4a® — 6a* — 6a = 4b3 — 6b? — 6b. Factoring,
—3(a* — b*) + 4(a® — b®) + 3(a® — b?) and 2(a® — b3) — 3(a? — b?) — 3(a — b). Adding and
dividing by 3, —(a* — b*) + 2(a® — b3®) — (a — b) = 0.Since a # b, —(a® + a®b + ab? + b3) +
2(a® + ab + b?) — 1 = 0. This factors to —(a + b — 1)(a® — a + b*> — b — 1) = 0. Investigating
the first term yields that a = —1 and b = 2 is a solution to the original set of equations, and the
line is y = 3 — x. The corresponding ordinates are 4 and 1, which have a sum of 5.

[CN ) +4)?

23) Theellipse is ——+—— -

rotation would occur when (—5,2) is the closest point on the axis of rotation to the centroid of
the ellipse, (3, —4). The distance between these two points is 10. By Theorem of Pappus, the
maximum volume is 300m2.

= 1, which has an area of 157. The maximum volume of

. +J1+sin2(x2)—cos3(x2 x [f1+sin2(x2)-1 = 1-cos3(x? . 1+sin2(x2)-1
24) lim (2)—cos?(x?) _ = lim St X)) = fjp LS
x—=0 x3tanx x—0 \ tanx x* x* x—=0 x*
. 1—cos3(x?2 . 1+sin2 y—1 . 1—cos3 . e e . 1+sin2 y—1
lim 1mcos" () _ lim —Zy + lim —Zy For the first limit, lim —Zy =
x—0 x y—-0 y y—-0 y y-0 y
sin?y 2y 1 1-cos3y
lim ———2 = lim = - lim > For the second limit, lim =
y—0 yz(‘/l+sin2 y+1) y—-0 y2 y—>0 ,/1+sm2 y+1 "y-0 ¥?
. _1-cos . . 1—cos sin? . 1 3
lim —>-2 - lim (1 + cos y + cos? y)=311 =¥ = 3lim>=2 - lim = =. These two
y->0 ¥ y—0 Y- y y-0 Y y—0 1+cosy 2

limits sum to 2.
25)  Using the Fundamental Theorem of Calculus and deriving with respect to x, 2xf(x?) =
2x sin(mx) + mx? cos(mx). Evaluating at x = 2, 4f(4) = 4m, so f(4) = m.

26) Letthe ground level be at the height of Aaron’s eyes. The screen is therefore 24 feet tall and
8 feet off the “ground.” 6 is defined as the viewing angle, and let a be defined as the angle
between the ray extending from Aaron’s eyes to the top of the screen and the ray extending

from Aaron’s eyes to the floor under the screen. Thus, tan(6 + a) = E andtan a = g.

. 0 is maximized when tan 6 is maximized,

Using the tangent addition formula, tan 8 = 22+ Pyt

which occurs at x = 16.

27)  Saaketh wins if 51/52 is in the range G,S) V) (;,g) V) (3,%) U ..., which can be represented

as areas in the unit square in the first quadrant. The probability is the sum of the areas
5 : .
between y = gand y = 32—x, y = 7x andy = 72—x, y = 97x andy = 12ﬂ, etc. under the line y = 1, with

the exception of the first region to the right of x = 1. Ignoring the constraint of the square, the
sum of the regions under y = lis=-1- (3—3+2—3+3—i+---) e
2 \1 3 5 7 9 11 1 3 5 7 9 11

-« =arctan1 = %- The area to the right of x = 1 is %. Thus, the probability Saaketh wins is ”T_l.
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28) A= %bh. Itisgiventhatb =2, h =1, % = —2,and Z—’Z = 1 — /2. Deriving the area formula,
A = %(b % +h %). Plugging in the known values, A’ = —/2. The area is decreasing at a rate of
V2 per second.

arcsinu
u2

29) Beginwithau = ito obtain [ 01 ( — %) du. Splitting the integral and then integrating

arcsinu

] - fl a fo \/— Simplifying,
this equals to 1 — E + lim Inn + fl \/du_ Applymg u = sinw produces 1 — - + lim Inn +

n-0+t

by parts taking a = arcsinu and db = Z—Z yields [

f cscw dw=1--+ lim Inn + ln(tan )]_—1——+ lim Inn — lim ln(tan )—1—E—
2 n-oo0t 0 2 p-o0t n—0 2

tan

lim
n-0t n

—1——+1n2 Thus, {4,B,C} = {1,2,2},and A+ B+ C = 5.

30) 14-+-+-4-=2
2 4 8
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23.
24,
25.
26.
27.
28.
29.
30.
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	1) Mettaton’s 𝑥-coordinate can be calculated as
	2) 𝑉=,𝑠-3.. Here, 𝑠=,3-,4-3... Deriving, ,𝑑𝑉-𝑑𝑡.=3,𝑠-2.,𝑑𝑠-𝑑𝑡.. Substituting, 2∙3=,3-,11-3..,𝑑𝑠-𝑑𝑡. and ,𝑑𝑠-𝑑𝑡.=2∙,3-−,8-3... 𝑑=𝑠,3., ,𝑑𝑑-𝑑𝑡.=,3.,𝑑𝑠-𝑑𝑡. and ,𝑑𝑑-𝑑𝑡.=2∙,3-−,13-6... Thus, ,𝐴,𝐵,𝐶.={2,13,6} and 𝐴+𝐵+�..
	3) Using the Fundamental Theorem of Calculus, ,𝑑-𝑑𝑥.,𝑥-,𝑥-2.-(,𝑡-2.−1). 𝑑𝑡=2𝑥,,𝑥-4.−1.−,,𝑥-2.−1.. Evaluating at 𝑥=2, this equals 57.
	4) ,𝑓-′.,𝑥.=3,𝑥-2.−12𝑥+11. This has positive discriminant, so the function has two turning points. The function can therefore be rotated clockwise about its inflection point to where the minimum slope of the function approaches +∞. The minimum slo...
	5) Consider a cross-section of the cone lying on the 𝑥-𝑦 plane. Set the apex of the cone is at ,0,6., let the origin be the center of the base, and let the point (8,0) be on the cone. Then the cone is tangent to the lines 𝑦=6−,3-4.𝑥 and 𝑦=6+,3-4.𝑥.
	The pyramid cross-section will be an inverted isosceles triangle with base parallel to the 𝑥-axis and apex at the origin. Let the corner of the base of the pyramid intersect the cone on the lines 𝑦=6−,3-4.𝑥 and 𝑦=6+,3-4.𝑥. Let the distance from t...
	The volume of the pyramid is 𝑉=,1-3.,2,𝑠-2..,6−,3-4.𝑠.=4,𝑠-2.−,1-2.,𝑠-3.. Deriving, ,𝑉-′.=8𝑠−,3-2.,𝑠-2.. Obviously, 𝑠 can’t equal 0, so 𝑠=,16-3. is a critical point (and a relative minimum by the Second Derivative Test). This corresponds to ...

	6) The probability that Radleigh gets every question wrong is ,,1−,1-20..-100.. Approximating ,𝑒-𝑎𝑏.=,,1+,𝑎-𝑛..-𝑏𝑛. for large 𝑛, set 𝑛=20 and say ,,1−,1-20..-100.≈,𝑒-−5..
	7) According to Newton’s Law of Cooling, the sequence formed by taking the difference between the temperature of a warmer object and the ambient temperature at constant time intervals is geometric. From the numbers given, it is seen that the temperatu...
	When the metal is 25 degrees, the difference is 5. The solution to 120,,,1-2..-,𝑛-10..=5 is between 40 and 50, corresponding to the 40-50 minute time interval.

	8) Let the outside edges of the hallways lie on the positive coordinate axes and the outside corner lie on the origin. Let the length of the ladder be 𝑙. The ladder intersects the axes at (𝑎,0) and ,0,𝑏.=(0,,,𝑙-2.−,𝑎-2..). Thus, the ladder is the...
	In order for the ladder to have maximal length, it must pass through the inside corner, (8,8). Thus, ,8-𝑎.+,8-,,𝑙-2.−,𝑎-2...−1=0 and the function 𝐷,𝑎.=,8-𝑎.+,8-,,𝑙-2.−,𝑎-2...−1 for 𝑎∈(0,𝑙) can represent the amount of free space the ladder ha...
	The local minimum of 𝐷(𝑎) is at 𝑎=,𝑙-,2... Plugging into ,8-𝑎.+,8-,,𝑙-2.−,𝑎-2...−1=0, 𝑙=,512.. The sum of the digits of 512 is 8.

	9) The integral evaluates to ,cos-𝑘.. There are 2018 solutions to ,cos-𝑘.=,1-2. in [0,2018𝜋].
	10) The slope of the tangent line is 18,𝑥-2.−6𝑥+4 at 𝑥=2, or 64. The 𝑥-intercept of a line with slope 64 passing through (2,32) is ,3-2..
	11) I is false, with the following function as a counterexample.
	II is true, by definition.
	III is true, because 𝑥=0 fails the Vertical Line Test.

	12) Let 𝑥 be the number of 5-cent price reductions. The amount of money Bradley earns is 𝑀=,1600+100𝑥.,100−5𝑥.=500,16+𝑥.,20−𝑥.=500(−,𝑥-2.+4𝑥+320). Deriving, ,𝑀-′.=500(−2𝑥+4). 𝑥=2 is the local maximum. This corresponds to a price of $0.90.
	13) Suppose Eridan uses 𝑥 gallons of pink paint. Then he uses 20−𝑥 gallons of purple paint. He buys 𝑃(𝑥)=$,,2,𝑥-2.−𝑥+1.+,27,20−𝑥.+4..=$(2,𝑥-2.−28𝑥+545) worth of paint. ,𝑃-′.,𝑥.=$(4𝑥−28), so 𝑃(𝑥) attains a local minimum at 𝑥=7. This corr...
	14) Multiply the integrand by ,,1−𝑥.-,1−𝑥.. to obtain
	Because the first integral is odd, it can be removed. Then take 𝑢=,arcsin-𝑥. and 𝑑𝑢=,𝑑𝑥-,1−,𝑥-2... and the integral becomes
	Integrating by parts taking 𝑎=𝑢 and 𝑑𝑏=,sin-𝑢. 𝑑𝑢,
	Evaluating, this is equal to ,𝜋-3.−,3.. ,𝑀,𝑁.={3,3}, so 𝑀+𝑁=6.

	15) The limaçon intersects the polar origin at 𝜃=,2𝜋-3. and 𝜃=,4𝜋-3.. The area of the inner loop is
	This evaluates to 4𝜋−6,3.. ,𝐴,𝐵,𝐶.={4,6,3}, so 𝐴+𝐵+𝐶=13.

	16) It is given that ,𝑉-,𝑑𝑉-𝑑𝑡..=𝑘. The bucket has volume 128𝜋 and ,𝑑𝑉-𝑑𝑡. when the bucket is full is 16, so the constant of proportionality is 8𝜋. ,𝑉-,𝑑𝑉-𝑑𝑡..=8𝜋. is a separable differential equation. To solve it, write ,𝑑𝑉-𝑉.=,1...
	17) It is given that 𝑣,0.=0 and 𝑦,0.=45. 𝑎=−10, 𝑣=−10𝑡, and 𝑦=−5,𝑡-2.+45. This has a root at 𝑡=3, so the ball takes 3 seconds to hit the ground.
	18) 𝑎=−10, 𝑣=−10𝑡−𝑘, and 𝑦=−5,𝑡-2.−𝑘𝑡+45. 𝑦(𝑡) has a root at 𝑡=2, so 0=25−2𝑘, so 𝑘=,25-2.. Sameer initially throws the ball down with a speed of ,25-2..
	19) Translate this to a Riemann sum and then into an integral:
	This is equal to ,,,ln-2.-2.-2..

	20) The integrand is a recognizable derivative obtained through the Quotient Rule.
	21) If 𝑟=,2𝑒-𝜃., then ,𝑑𝑟-𝑑𝜃.=,2𝑒-𝜃.. ,0-2𝜋-,,,𝑟-2.+,,,𝑑𝑟-𝑑𝜃..-2.... 𝑑𝜃=,0-2𝜋-,8,𝑒-2𝜃.. 𝑑𝜃.=2,2.,0-2𝜋-,𝑒-𝜃. 𝑑𝜃.. This evaluates to 2,2.,,𝑒-2𝜋.−1..
	22) Let the two points on the common tangent line to the curve be (𝑎,,𝑎-4.−2,𝑎-3.−3,𝑎-2.+3𝑎+7) and (𝑏,,𝑏-4.−2,𝑏-3.−3,𝑏-2.+3𝑏+7). The tangent lines through these points are, respectively, 𝑦=,4,𝑎-3.−6,𝑎-2.−6𝑎+3.𝑥+(−3,𝑎-4.+4,𝑎-3.+3,𝑎-2....
	23) The ellipse is ,,(𝑥−3)-2.-9.+,,,𝑦+4.-2.-25.=1, which has an area of 15𝜋. The maximum volume of rotation would occur when (−5,2) is the closest point on the axis of rotation to the centroid of the ellipse, (3,−4). The distance between these two ...
	24) ,,lim-𝑥→0.-,,1+,,,sin-2.-(𝑥.-2.).−,,cos-3.-,,𝑥-2...-,𝑥-3.,tan-𝑥...=,,lim-𝑥→0.-,,𝑥-,tan-𝑥..,,,1+,,,sin-2.-(𝑥.-2.).−1-,𝑥-4..+,1−,,cos-3.-(,𝑥-2..)-,𝑥-4....=,,lim-𝑥→0.-,,1+,,sin-2.-(,𝑥-2.)..−1-,𝑥-4..+,,lim-𝑥→0.-,1−,,cos-3.-(,𝑥-2.).-,�..
	25) Using the Fundamental Theorem of Calculus and deriving with respect to 𝑥, 2𝑥𝑓,,𝑥-2..=2𝑥,sin-,𝜋𝑥.+𝜋,𝑥-2.,cos-(𝜋𝑥)... Evaluating at 𝑥=2, 4𝑓,4.=4𝜋, so 𝑓,4.=𝜋.
	26) Let the ground level be at the height of Aaron’s eyes. The screen is therefore 24 feet tall and 8 feet off the “ground.” 𝜃 is defined as the viewing angle, and let 𝛼 be defined as the angle between the ray extending from Aaron’s eyes to the top ...
	Using the tangent addition formula, ,tan-𝜃.=,24𝑥-,𝑥-2.+256.. 𝜃 is maximized when ,tan-𝜃. is maximized, which occurs at 𝑥=16.

	27) Saaketh wins if ,,𝑠-1.-,𝑠-2.. is in the range ,,1-2.,,3-2..∪,,5-2.,,7-2..∪,,9-2.,,11-2..∪…, which can be represented as areas in the unit square in the first quadrant. The probability is the sum of the areas between 𝑦=,𝑥-2. and 𝑦=,3𝑥-2., 𝑦=...
	28) 𝐴=,1-2.𝑏ℎ. It is given that 𝑏=2, ℎ=1, ,𝑑𝑏-𝑑𝑡.=−2, and ,𝑑ℎ-𝑑𝑡.=1−,2.. Deriving the area formula, ,𝐴-′.=,1-2.,𝑏,𝑑ℎ-𝑑𝑡.+ℎ,𝑑𝑏-𝑑𝑡... Plugging in the known values, ,𝐴-′.=−,2.. The area is decreasing at a rate of ,2. per second.
	29) Begin with a 𝑢=,1-𝑥. to obtain ,0-1-,,,arcsin-𝑢.-,𝑢-2..−,1-𝑢... 𝑑𝑢. Splitting the integral and then integrating by parts taking 𝑎=,arcsin-𝑢. and 𝑑𝑏=,𝑑𝑢-,𝑢-2.. yields ,,−,,arcsin-𝑢.-𝑢..-0-1.−,0-1-,𝑑𝑢-𝑢..+,0-1-,𝑑𝑢-𝑢,1−,𝑢-2.......
	30) 1+,1-2.+,1-4.+,1-8.+…=2.

